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Abstract  

This paper studies fuzzy filtering design for a class 
of nonlinear discrete-time uncertain stochastic 
systems. First, the Takagi and Sugeno fuzzy model is 
proposed to approximate a nonlinear discrete-time 
uncertain stochastic system. Next, based on the fuzzy 
model, the fuzzy estimation for nonlinear 
discrete-time uncertain stochastic systems is studied. 
Using a suboptimal approach, the fuzzy estimation 
problem for nonlinear discrete-time uncertain 
stochastic systems is characterized in terms of an 
eigenvalue problem (EVP) by minimizing the upper 
bound on the variance of the estimation error. The 
EVP can be efficiently solved using convex 
optimization techniques. 

Keywords: fuzzy filtering, T-S fuzzy model, nonlinear 
uncertain stochastic systems, discrete-time, and EVP. 

 
1. Introduction 

 
In general, it is a difficult work to design an efficient 

filter for nonlinear uncertain stochastic systems. In many 
cases, systems under consideration are inherently 
uncertain and nonlinear. Conventionally, a nonlinear 
estimation algorithm, known as the extended Kalman 
filter, has been proposed for state estimation by a 
linearization of the nonlinear systems around the present 
estimate through an application of linear filter theory [1], 
[2]. The design of an extended Kalman filter relies on 
having an exact dynamic model of the system under 
consideration in order to provide a linearized model 
around the present estimate [3]. Since the uncertainties 
are not considered in the design of the extended Kalman 
filter, the performance of the extended Kalman filter 
may not be satisfactory in the presence of uncertainties. 
It is well known that the performance of the extended 
Kalman filter may deteriorate significantly when the 
design contains relatively small modeling errors [3]. For 
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the uncertain linear systems, many recent works [3], [4], 
[5] have dealt with the problem of robust filter design for 
all admissible uncertainties by minimizing the upper 
bound on the variance of estimation error, where the 
uncertainties are parameterized in terms of a 
norm-bounded parameter matrix. However, few works 
have studied the estimation problem for nonlinear 
uncertain stochastic systems [6], [7]. The solution of the 
filtering problem for the nonlinear stochastic systems is 
governed by a certain Hamil-ton-Jocobi-Bellman 
equation (or inequality). In general, it is difficult to solve 
the Hamilton-Jocobi-Bellman equation (or inequality) 
efficiently. In this paper, the robust filtering design 
problem is extended from linear uncertain stochastic 
systems to a class of nonlinear uncertain stochastic 
systems using fuzzy approach. 

Recently, there have been many applications of fuzzy 
systems theory in various fields, for example control 
systems, communication systems and signal processing. 
In most of these applications, the fuzzy systems were 
thought of as universal approximators for any nonlinear 
system. The Takagi and Sugeno fuzzy model [8] which 
has been proved to be a very good representation for a 
certain class of nonlinear dynamic systems was 
extensively studied in control systems [9], [10]. In this 
study, a Takagi and Sugeno fuzzy model is proposed to 
approximate a class of nonlinear uncertain stochastic 
systems. Based on the fuzzy model and using a 
suboptimal approach, the robust fuzzy filtering design 
problem is characterized in terms of minimizing the 
upper bound on the variance of the estimation error 
subject to some forms of linear matrix inequalities 
(LMIs). The problem of minimizing the upper bound on 
the variance of the estimation error, subject to some 
LMIs, is a standard eigenvalue problem (EVP) which 
can be efficiently solved by the convex optimization 
algorithm [11]. 

The primary contribution of this paper is that it 
extends the robust filtering design problem from linear 
uncertain stochastic systems to a class of nonlinear 
uncertain stochastic systems using fuzzy approach. 
Furthermore, a systematic design procedure is developed 
by convex optimization algorithm which can be solved 
by the LMI optimization toolbox in Matlab. This study is 
modified from the conference paper [12]. 
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The paper is organized as follows: A robust 
discrete-time suboptimal fuzzy filtering design for a 
class of nonlinear uncertain systems is presented in 
Section 2. In Section 3, a simulation example is provided 
to demonstrate the design procedure. Finally, concluding 
remarks are made in Section 4. In what follows, 
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throughout this paper. 
 

2. Fuzzy Filtering for Nonlinear Discrete-Time 
Uncertain Systems 

 
A fuzzy dynamic model has been proposed by 

Takagi and Sugeno [8] to represent locally linear 
input/output relations for nonlinear system. This fuzzy 
dynamic model is described by fuzzy If-Then rules and 
will be employed here to deal with the filtering design 
problem of a class of nonlinear discrete-time uncertain 
system. The ith rule of the fuzzy model for a nonlinear 
discrete-time uncertain system is proposed as the 
following form:  
Rule i: 
If       ( )κ1z  is 1iF  and ( )κgz  is igF  

Then  ( ) )()())(~(1 11 κωκκκ ++=+ xVAUAx iii   

        ( ) )()())(~( 22 κκκκ vxVCUCy iii ++=  
        ( ) )(κκ Gxs =                     (1) 
for i=1,2,…,L where 1)( ×∈ nRx κ denotes the state vector;  

1)( ×∈ mRy κ  and 1)( ×∈ qRs κ  denote measured output 
and linear combination of the state variables to be 
estimated, respectively; 1)( ×∈ nRκω  and 1)( ×∈ mRv κ  
are assumed to be uncorrelated, zero-mean, white noise 
signals; nqRG ×∈  is constant matrix; ijF  is the fuzzy 
set  nn

i RA ×∈  and  nm
i RC ×∈  are known constant 

matrices;  
iU 1 , iU 2 , iV1  and iV2  are known constant matrices 

with appropriate dimensions; ( )κA~  and ( )κC~  with 
appropriate dimensions are uncertain time-varying 
matrix functions satisfying ( ) ( ) IAA T ≤κκ ~~  and 

( ) ( ) ICC T ≤κκ ~~ , respectively; L is the number of If-Then 
rules; and ( )κ1z ,…, ( )κgz  are the premise variables. 
The final output of the fuzzy system is inferred as 
follows: 

( ) ( )( ) ( ) )]())(~[(1 11
1

κωκκκκ ++=+ ∑
=

xVAUAzhx ii

L

i
ii

  (2) 

and 
( ) ( )( ) ( ) ( )]))(~[ 22

1
κκκκκ vxVCUCzhiy ii

L

i
i ++= ∑

=

,    (3) 

where 

( )( ) ( )( ) ( )( )

( ) ( ) ( )],,,[)(

))((,
))((

21

1

1
κκκκ

κκµ
κµ

κµκ

g

j

g

j
ijiL

i
i

i
i

zzzz

zFz
z

zzh

L=

== ∏
∑ =

=

,     (4) 

and ( )( )κjij zF  is the grade of membership of ( )κjz  

in ijF  [13]. 
It is assumed that  

( ) 0)( ≥κµ zi , and ( )( ) 0
1

>∑
=

L

i
i z κµ . 

Therefore, we get  
 ( ) 0)( ≥κzhi  and ( )( ) 1

1
=∑

=

L

i
i zh κ               (5) 

Based on the fuzzy model (1), the following fuzzy 
estimator is proposed to deal with the state estimation for 
the nonlinear discrete-time uncertain systems  

Estimation Rule i: 
If ( )κ1ẑ  is 1iF …and ( )κgẑ  is igF          (6) 
Then ( ) ( ) ( ( ) ( ) )κκκκ xcyKxAx iii ˆˆ1ˆ1 −+=+  
where iK  is the fuzzy estimator gain for the ith 
estimation rule. 
The overall fuzzy estimator is written as 
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 Then, the augmented system is defined as the following 
form 
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Remark 1: It is easy to show that ( ) ( ) IT ≤ΛΛ κκ ~~ .   ■ 
Let us denote the estimation error as  

( ) ( ) ( ) [ ] ( ) ( )κκκκκ xGxGGsse ~~ˆ =−=−=        (10) 
We wish to select the estimator gain iK  (for 

i=1,…,L) such that the upper bound of the following cost 
function (variance of the estimation error)  
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is minimized. 
From (11), the covariance matrix of ( )1~ +κx  is 

obtained as following [12]  
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By the fact that 
2112 2121 MMMMMMMM TTTT +≤+ , we 

obtain 
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If 0>ε  and 01 >−− T
jj VPVIε  [14], we obtain 
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where constant matrices 
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Remark 2: The assumption of 0>R  is required in this 
study.                                    ■ 
From (11) and (12), we obtain  
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If 
0)( ≤Ψ pij                        (14) 

for all i,j=1,…,L, then 

}{2 TGPGtrLJ ≤                (15) 
Based on the analysis above, the filtering design is 

proposed by minimizing the upper bound on the variance 
of estimation error as the following minimization 
problem:  
min

},,{ εκ ip

  }{ TGPGtr  

subject to ,0,0 >≥= εTPP  and 0)( ≤Ψ Pij .    (16) 
To convert (16) into a LMI formulation, the following 

minimization problem including strict inequalities is 
considered, if Φ  is a solution of the following 
minimization problem  
min

},,{ εκ ip

  }{ TGGtr Φ  

subject to 0,0 >>Φ=Φ εT , and 0)( <ΦΨij ,    (17) 
then  
      }{}{ 22 TT GGtrLGPGtrLJ Φ≤≤ .       (18) 

The condition 0)( <ΦΨij . in (17), by the Schur 
complements [11], is equivalent to  
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Premultiplying and postmultiplying the both sides of the 
above inequalities by block-diag },,,,,{ IIIIQ ε  where 

1−Φ== TQQ , the following matrix inequalities can be 
obtained 
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For the convenience of design, let 
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then (20) is rewritten as following linear matrix 
inequalities (LMIs) 
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where 
jjijjij UQCYAQCYAQ 1113222111 ,, =Ψ−=Ψ−=Ψ , 

jij UYUQ 251224 , =Ψ=Ψ , and ii KQY 22= . 
Note that if there exists a symmetric positive-definite 
matrix 0>W  such that 

WGQG T <−1           (23) 
which is equivalent to the following LMI 
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then  
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Based on the analysis above, a suboptimal filtering 
design is proposed by minimizing the upper bound on 
the variance of estimation error as the following 
eigenvalue problem (EVP):  
min

},,,{ εiYQp

  )(Wtr  

subject to 0>= TWW , 0>= TQQ , 0>ε ,    (26) 
        (24) and (22) 
Then, we get the following main result. 

Theorem 1: If constant symmetric 
matrices 0>= TWW  and 0>= TQQ  are solutions 
of the EVP in (26), then the variance of the estimation 
error is bounded by 

)())1()1((lim 2 WtrLeeEJ T <++=
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3. Simulation Example 
 

Consider the following nonlinear discrete-time 
uncertain system. 
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where ))((~
1 κxf , ))((~

2 κxf , and ))((~ κxh  are 
uncertainties which are assumed to be characterized as 
the following fuzzy rules. 

The fuzzy filtering design for nonlinear discrete-time 
uncertain system in (28) is given by the following steps. 

 
Step 1: Construct the fuzzy model rules as follows: 
Rule i: IF 1x  is about 1iF  and 2x  is about 2iF THEN 

)()())(~()1( 11 κωκκκ ++=+ xVAUAx iii  

)()())(~()( 22 κκκκ vxVCUCy iii ++=  

where iA , iC , iU 1 , iV1 , iU 2 , and iV2  ( for i = 
1,…,9) are shown in Appendix; 
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C , )2,1)(( =jN j κ  are 

random sequence with 1)( ≤κjN , κ∀ , and  
Tw )](),([)( 21 κωκωκ = ,.In this example, for the 

convenience of simulation, it is assumed that )(κω  and 
)(κv  are normal distribution noises with zero mean and 

variance 0.01I and 0.01,respectively. Membership 
functions for 1x  and 2x  is shown in Fig.1. 
Step 2: Solve the EVP in (26) using the LMI 
optimization toolbox in Matlab[15]. In this case, we 
obtain 
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Figure 1. Membership function for 1x  and 2x . 
 

The initial condition in the simulation is assumed to 
be TTxxxx )0,0,1.0,1.0()),0(ˆ),0(ˆ),0(),0(( 2121 −= . Figs. 
2-3 show the estimation errors (squared) for 

)(ˆ)( 11 κκ xx −  and )(ˆ)( 22 κκ xx −  using the proposed 
fuzzy filter and the extended Kalman filter (EKF).  
The average squared errors 

)}ˆ()ˆ({
ˆ
1(

ˆ

1ˆ
ieie

n

n

i

T∑
=

)})()({ κκ eeE T≈  for the proposed 

fuzzy filter and the extended Kalman filter are 0.0238 
and 0.0616 (500 Monte Carlo runs, 100 samples each), 
respectively. 

Remark 3: The uncertainties are not considered in the 
design of the extended Kalman filter. Therefore, in the 
simulation of this study, the EKF is constructed based on 
nominal system only, where the uncertainties are not 
considered. 

 
4. Conclusions  

 
In this paper, based on a Takagi and Sugeno fuzzy 

model, the suboptimal fuzzy estimation problems for 

nonlinear discrete-time uncertain stochastic systems are 
studied. Using a suboptimal approach, the outcome of 
the fuzzy estimation problems in this study is 
characterized in terms of an eigenvalue problem (EVP) 
by minimizing the upper bound on the variance of the 
estimation error. This EVP can be efficiently solved by 
convex optimization techniques. 

This study extends the filtering design from linear 
uncertain stochastic systems to a class of nonlinear 
uncertain stochastic systems using fuzzy techniques. 
MI-based design procedure for the suboptimal fuzzy 
estimation problems of the nonlinear discrete-time 
uncertain stochastic systems is developed systematically. 
The proposed design procedure is very simple and can 
be performed efficiently using the LMI optimization 
toolbox in Matlab. Simulation example is given to 
illustrate the design procedure. Therefore, the proposed 
method is very suitable for practical applications. 
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Figure 2.Estimation error (squared) of 2

11 )](ˆ)([ κκ xx −  
(the proposed method (solid line ) and EKF (dashdot line)). 
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Figure 3. Estimation error (squared) of 2

22 )](ˆ)([ κκ xx −  
(the proposed method (solid line ) and EKF (dashdot line)). 
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